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Abstract. In [5], Dan Goldston, Janos Pintz, and Cem Yildirim proved that 
there are infinitely many rational primes that are much closer together than 
the average gap between primes. Assuming the EUiott-Halberstam conjecture, 
they also proved the existence of infinitely many bounded differences between 
consecutive primes. 

We will prove an analogue of their result for a number field. We let K he a 
finite extension of Q and consider (q„) the sequence of rational prime numbers 
that split completely in K. For K an abelian extension of Q, we prove that 

liminf ^"+^~^" =0. 

n^oo \ogq„ 

Under the EUiott-Halberstam conjecture, we also prove that there are infinitely 
many bounded gaps between consecutive members of the sequence Qn- 

We also give another proof of the same result in the special case of a qua- 
dratic extension of class number 1, which relies on a generalization of the 
Bombieri- Vinogradov theorem for quadratic number fields. 

1. Introduction 

One of the most famous unresolved problems in number theory is the twin prime 
conjecture, which states that there are infinitely many prime numbers p for which 
p -I- 2 is also prime. In 2005, putting to rest a long-standing open problem, Dan 
Goldston, Janos Pintz and Cem Yildirim proved that there are infinitely many 
primes that are very close together-much closer together than the average gap 
between primes. Under the EUiott-Halberstam conjecture, which concerns primes 
in arithmetic progressions, they also proved that there are infinitely many bounded 
gaps between consecutive prime numbers. More formally, they proved that 

(1.1) liminf(p„+i -p„) < 16, 

n—^oo 

where Pn denotes the n^^ prime number. 
If we let 

i; = liminf ^"+^'^" , 

n^oo \0gPn 

then the main result proven by Goldston, Pintz and Yildirim in 5 is that 

(1.2) E = 0, 

which is implied by the twin prime conjecture and by (jl.ip . 

Finding upper bounds on E has been a long studied problem. The famous 
prime number theorem states that the number 7r(a;) of prime numbers up to x is 

X 

roughly . This is equivalent to the statement that p„ ~ nlnn, which would 

ma; 

imply that the average gap between consecutive prime numbers is Inn ^ lnp„. 
This asymptotic expression implies that E < 1. Erdos [3] was the first to prove 
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that E < 1. Another important result was that E < —, proven by Bombieri and 

Davenport in [5]. Maier [7] further improved the result to i? < 0.24.... 

In May 2005, Goldston, Pintz and Yildirim showed that E — 0. Their proof 
uses the Bombieri- Vinogradov theorem on primes in arithmetic progressions and 
shows a connection between the distribution of primes in arithmetic progressions 
and small gaps between primes. 

In the present paper, we will prove a generalization of this result for the case of 
an abelian number field. Following [5], we will prove both an unconditional result 
and a conditional result, depending on the Elliott-Halberstam conjecture. We will 
prove the following unconditional result. 

Theorem 1.1 (Unconditional result). Let K he an abelian extension ofQ and let 
(qn) be the sequence of rational prime numbers that split completely in K . Then 

liniinf*^±i^=0. 

n->oo log qn 

Assuming the Eliott-Halberstam conjecture, we will also prove the following 
theorem. 

Theorem 1.2 (Conditional Result). Let K be an abelian extension o/Q and let (qn) 
be the sequence of rational prime numbers that split completely in K . Then there 
exist infinitely many bounded gaps between consecutive members of the sequence qn- 



Our method of proof of the two theorems above will follow the main ideas used 
in [5] . Using results from class field theory, we know that the primes that split com- 
pletely in a number field are described, with finitely many exceptions, by congruence 
conditions. In our proof, we will consider the analogue multiplicative functions as 
in [5] and we will impose some extra congruence conditions on them. 

The paper is organized as follows. In section 2, we give a quick overview of 
the method used by Goldston, Pintz and Yildirim in the original proof in [5]. In 
section 3, we will find estimates for the main sums used in proving the existence of 
conditionally bounded gaps and the unconditional result. In sections 4 and 5 we 
prove the conditional result (|1.2p and the unconditional result (|l.ip . respectively. 
Section 6 of the paper provides a different approach for proving (jl.ip and (jl.2[) in 
the special case of a quadratic extension of class number 1, which could give some 
insight into how we could prove analogous results for more general number fields. 

2. A BRIEF REVIEW OF THE GOLDSTON, PiNTZ AND YlLDIRIM METHOD 

The general approach employed by Goldston, Pintz and Yildirim in [5] was the 
following. 

Let fc be a given positive integer which is at least 2 and take H = {/ii, . . . , hk} 
to be a set of nonnegative distinct integers. Define 

I logp if n = p prime 
win) — < 

I otherwise. 

Let P{n, H) = {n + hi) ■ ■ ■ (n + hk) and suppose that for each prime p the number Vp 
of residue classes occupied by the elements of H is at most p. The Hardy-Littlewood 
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conjecture implies that there exist infinitely many n such that the translate set n+H 
consists entirely of primes. 

The idea of Goldston, Pintz and Yildirim was to find a nonnegative function 
a{n) such that 

(2.1) o.{n)Y,uj{n + h)/ ^ a{n) 

x<.'n<2x h^H x<n<2x 

is big for a; — > oo. This would be useful for the following reason. If we could choose 
a function a{n) such that for a; ^ 1, 

a{n) ■uu{n + h)/ a(n) > (1 + e) Inx, 

x<n<2x h^H x<n<2x 

then it would follow that there would be at least two primes in the set n + H, for 
some n € [x, 2x), the gap being bounded by hk — hi. Letting x — oo would prove 
the existence of bounded differences between consecutive primes. Motivated by the 
ideas behind the Selberg sieve, they put a(n, H) — ( ^ A^)^, with Xd given by 

d\P{n,H) 

the formula 

f(I^Mrf)(logf)'=+' ifd<i? 
I otherwise. 

The best choice for the parameter / above is positive but o(fc). This choice will 
become clearer later in the paper. 

In order to estimate the ratio (12. ip . they invoked the Bombieri- Vinogradov theo- 
rem, which concerns the distribution of primes in arithmetic progressions. To state 
the Bombieri- Vinogradov theorem, we must introduce some notation. Define the 
classical von Mangoldt function 



A. 



A(n) = 



log p n — p"" 
otherwise 



and the normalized prime-counting function 

ip{x;q,a)= ^ A(n) 



n<.x 
n=a (mod q) 



for the arithmetic progression a mod q. Define the error quantity 

y 

E{x,q) = max max |?/'(?/; g, a) ' 



(a,q) = l y<x (j){q) 

Then the Bombieri- Vinogradov theorem asserts that the error term above is as 
small on average over q as the Riemann hypothesis would predict. 

Theorem 2.1 (Bombieri- Vinogradov) . For a real number A, there exists a B such 
that 



ii'ia;, q) « — ^ 
^ (log a;)'' 

9<7 



^ £;(a;,g)« 

.1/2 



■ (logx)-" 

Let be the supremum of all 6' such that 

^ E{x,q) 



(log a:)" 

qKx" 
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We call 6 the level of distribution of primes in arithmetical progressions. Note 
that the Bombicri- Vinogradov theorem implies that 6* > 5 ■ The EUiot-Halberstam 
conjecture claims that 6 — 1. In it is shown that the truth of the Elliott- 
Halberstam conjecture implies that liminf(p„+i — Pn) < 16. 



3. Some estimates needed for an abelian extension 

In this section, we will prove the main lemma we will use in the proof of (II. ip 
and ([T^ . 

3.1. Main ideas used in the proof. It is known that the primes that split com- 
pletely in an abelian extension are described, with finitely many exceptions, by 
congruence conditions. Therefore, we need to prove that the sequence of rational 
prime numbers (q„) with g„ = a (mod to), for fixed a, m with {a,m) = 1 satisfies 

(HH). 

As in [5], we take to be a a set of k positive integers H = {hi, h2, ■ ■ ■ , hk} and 
we impose the extra condition that H mod to = {0}. Let 

(3.1) m = pr---Pr- 
be the prime factorization of to. Choose 

(3.2) a{n,H) = i ^ X^f, 

d\P{n,H) 

with Xd given by the formula 



(3.3) Xd 



'(^Mrf)(log|)'=+' iid<R 
otherwise, 



for some R — R{x). 

We will estimate a{n) and a{n) uj(n + h), and as- 

x<n<2x x<-n<2x h^H 

n=a (mod m) n~a (mod m) 

suming the Elliott-Halberstam conjecture, we will prove that 

a(n) ^ n7(n + /i)/ ^ Q!(n) > (1 + e) logcc. 

x<n<2x h(EH x<n<2x 

n~a (mod m) n=a (mod m) 

3.2. Estimates. For a multiplicative function p on the squarefree integers, define 

e..^ n (-f)(-r' 

p prime 

We impose the congruence condition H mod m — {0} and we evaluate 

x<.n<2x 
n=a (mod m) 

and a{n)'uj{n + ho), for ho not belonging to H and ho ~ (mod m), 

x<n<2x 
n=a (mod m) 

and for ho G H. 

The estimates are given by the following lemma. 
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Lemma 3.1. Let H be a set of k nonnegative integers such that H mod m = {0} 
and 

max h ^ log R. 

heH 

Let e > and a{n) and Xd be as given by formula (|3.3p . Then for i?, a: — > oo 
such that logx ^ logi?, we have: 
(1) Provided R < x^l'^-\ 

(3.4) ^E^^ ^^-^-~i^\iY^^<^^^'^^^^^^ 

n=a (mod m) 

where the multiplicative function pi (p) is defined by: 
Jo ifp = p,, forie {l,...,r} 

PliP)=< .f . , f .^r, . 

\Vp if p prime ^ pi, for any i G |1, . . . , r| 

and extended multiplicatively to squarefree integers. Recall that pi are the 
primes that appear in the factorization of m, as defined in p.ip . 



(2) For an integer Hq ^ H such that ho = (mod m) , provided R < x^l"^ 

X (logfl)^+^' p 
(m) (fc + 2/)! \l 



, X V- . ^ , , X ^ (l0gi?)'=+2' /2/\, , , 



a:<n<2a: 
n^a (mod m) 



where the multiplicative function p2 [p] is defined by 

ifp = Pj, for i e {1, . . . ,r} 

if p prime ^ pi, for any i G {I, . . . ,r}. 



P2{p)^{ piMH U {ho}) - 1) 



Hp) 

Recall that 9 is the level of distribution of primes in arithmetic progressions, 
as defined in the previous section. 

(3) For an integer ho G H , provided R < x^^'^~'^, 
(3.6) 

^ w ^ (log^)(^W /2(/ + i)\ 

^L^^ + (fc + 2^ + 1)! (, / + 1 j (©(/'a) + «(!)), 

n=a (mod m) 

where the multiplicative function psip) is defined by 

{0 ifp = Pi, for i G {1, . . . ,r} 
^^^^-^ ifp prime ^ Pi, for any i e {1, . . . ,r\. 

Proof. We will first prove that the main term of the sum p.4p is of the form 

2; ^ ^ Pi{[di,d2]) 

and that the main terms of the sums (13.51) and (13.61) are of the form 



0(m) ^ 

^ di,d2<R ^ ' ■ 
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where p = p2 for the second sum and p = ps for the third sum. We first evaluate 
the following. 

E E i E 

x<n<2x x<n<2x \d\P{n,H)) 

n=a (mod m) n=a (mod m) 

= E '^di>^d2 E 

di,d2<R x<n<2x 

n=a (mod m) 
6=[di,d2]\Pin,H) 

If {m,S) ^ 1, then there is some prime divisor pi of m {i e {!,... ,r}) that 
also divides 5. If 5\P{n,H), then there would exist some clement h <E H ioi which 
n + h = (mod pi). Since -ff was chosen so that H mod m = {0}, it follows that 
n = (mod p,), which contradicts the condition n = a (mod m), (a, m) = 1. Hence 
we have the following. 

E '^d-i>^d2 E ^ E ^<ii^d2 E ^• 

di,d2<R x<n<2x di,d2<R x<n<2x 

n=a (mod m) n=a (mod m) 

S=ldi,d2]\Pin,H) 5\P(n,H) 

{m,5) = l 

Since 5 is sqarefrcc, the condition 5\P{n^H) is equivalent to that for each prime 
number p\5, there is an element h € H such that n + h = (mod p). Since the 
elements of H occupy Up congruence classes modulo p , it follows that the condition 
5\P{n, H) is equivalent to saying that n belongs to one of Vp congruence classes 
modulo p. Therefore, the conditions n = a (mod ■m),6\P(n, H), (m,6) = 1 are 
equivalent to that n belongs to one of pi (S) congruence classes modulo [m, S] = mS, 
where pi is defined by: 



if p\m 
Up ii p\ m. 



Then 

x<n<2x 



mS 



n=a (mod m) 
S\P(n,H) 



with Ira I < pi{S). Hence we get 

E = E ^'^^^'^^ E 

x<n<2x di,d2<R x<n<2x 

n=a (mod m) n=a (mod m) 

S\Pin,H) 
(m,(5) = l 



E '^diAd2^4^+ E '^d.i^d2'^S- 



m 

di,d2<R di,d2<R 



We will show that the error term 

(3.7) ^ AdiAd^ra 

di,d2<R 

is o{x) for fixed k and I, provided that R < a;^/^~*. 
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We have the inequality 

\rs\<Pii6)^Y[piip)<Y[k = k'^(''\ 

where ijj{d) is the number of distinct prime divisors of d. Using the definition of Xd, 
we get that Xd <C (logi?)*^"'"'. Combining these two relations gives that the error 
term (|37l) is 

«(logi?)2('=+0 E E 1- 

[di,d2]=S 

Since c?i,(i2 are squarefree, we have that 1 = S"'-''-', and hence the error 

di,d2<R 
[di,d2]=S 

term is < (logi?)2('=+0 J2s<R^i^k)'^^'^\ Using the estimate 

^/c"'(") ■Ca;(logx)''"\ 

we get that the error term is ^ R^^^ , for any e' > 0. Provided R < it 
fohows that the error term is indeed o{x). 



We now tm^n to evaluating the second sum. Let ho ^ H^ho — (mod m). Then 



a{n)zu{n + ho) = ^ + Hq) ^ Ac/ 

d|P(n,//) 



x<.n<2x 
n=a (mod m) 



a;<n<2a; 
n~a (mod m) 



^(?^ + ho) ^ Arf, Arf2 

5\P{n,H) 



x<n<2x 
n=a (mod m) 



x<.n<2x 
Ea (mod m) 
i5|P(n,/f) 



ArfjArfj ^ d*{x;mS,at + ho) 



,d2<R 



o<t<s 

S\P{t,H) 
{5,m) = l 



2<i? 



0<t<i5 
(5|P(t,if) 
(at+/iQ,m(5) — 1 

/ 



(f)(mS) 



where 



XdiXd2 

di,d2<R. 



{x;mS, at + ho) — 



o<t<s 

S\P(t,H) 
\((5,m) = l 



(j){mS) 



'd{x;q,a)^ ^ tn(n), 



n<2; 
n=a (mod m) 
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and 

q, a) = 19(22;; q, a) — 'd{x; q, a). 
As in the previous case, the conditions on n imply that (m, S) ^ 1. Therefore 

(3.8) a{n)w{n + hg) — ^di^d2 w{n + h, 

x<n<_2x di.d2<R x<n<2x 

n=a (mod m) n=a (mod m) 

S\P(n,H) 
{m,S) = l 



0) 



The conditions on n in the equation p.Sp above are equivalent to that for any prime 
p\S, there is some h in H U {ho} such that n ~ ~h modp, and n ^ —ho mod p. 
Hence n belongs to one of z/p(i? U {ho}) — 1 congruence classes modulo p. If we 
define the multiplicative function p2 on the squarefree integers as 



if p|rn 

if p -j" TO, 



P2{p) = { p{iyp{H U {ho}) - I) 



m 

and since for (to, (5) = 1 we have that (j){mS) = (j){'m)(j}{5) , the main term of the 
second sum (|3.5p is 

' di,d2<R ^ ' 

and we will prove that the error term is o{x). 

Recall our assumption that E(x, q) a tti for any e > 0. 

^ ' i^ogx)^ 

q<x^ 

Since \d ^ (log the error term becomes 

« (logi?)2('=+') Yl E[x-m5,at + ho). 

di.d2<B 0<t<S 
S\P{tM) 
(5,m) = l 

In the sum over t, there are fewer than k'^^^'> terms and using a similar argument 
as in the evaluation of the error term for the first sum, we get that the error is 

< (logi?)2('=+') y (3fc)"(*) max E{x-md,b). 

— ^ (b,m6) — l 

S<R^ 

The Cauchy-Schwarz inequality shows that the above is 

«(logi?)2('=+')| y ( y mS max E{x;mS,b)^ 

I \ 1/2 

To estimate I 7 — j i will use partial summation in the form of 

Abel's identity, which states the following. 

Lemma 3.2 (Abel's identity). For any arithmetical junction a(n) let 

A{x) = a(n). 
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where A{x) = if x < 1. Assume f has a continous derivative on the interval 
[y,x], where <y < x. Then we have 



n<x ^ 



<n)f{n) - A{x)f{x) - A{y)f{y) - j A{t)f{t) dt 

Proof. See [1]. □ 

Now we apply the lemma above for f{x) = — , a{n) — (Qfc^)"*-"-' and y ~ 1, and 
we get that 

Usmg the well-known asymptotics fc'^'^"^ ^ xC, where £ is defined as £ = 

n<x 

0((log A^)O(i)), and we get that Y.n<x ''^''T'"' < ^'^nce 

Now we will use the asymptotics 

(3.11) « E ^(^' 

which follows from the fact that 

N 

E{N,q) < — log TV, 
9 

for q <^ N, which in turn is obtained after combining the following two estimates 
below: 

N N 
— « -logiV 

V(iV;g,a)= V logp < (logiV)(- + 0(1)) « - logTV. 

Q Q 

p=a (mod q) 

Using the above asymptotics p. lip , we get that 

EmS max E(x;mS,b)^ <^ X£ > E(x,mS). 
(b,m6) = l ^ ' ' ^ V ' / 

For -^rn a;*"', we get that E{x, mS) <^ — — , . , so the error term will 

be 

X 1/2 

^ 1 ^ a^ \ 2^ 
<C C xC- -r < 



(logx)-^/ (loga;)^'' 
Therefore the error term is o{x) provided that R < x^l'^~^ . 
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If ho G H, then we can replace H by H \ {Hq} and (fc, I) by {k — 1,1 + 1), since 
a{n,H) is thus preserved, and then we can apply the same arguments as for the 
case ho & H. 

We have proved that the main terms are of the desired form. Let 

for p a multiplicative function on the squarefree integers. Using the estimate proven 
in [5], we get that 

(logi?)'=+2' /2r 



Combining this result with the previous asymptotics gives the desired estimates. 
This finishes the proof of Lemma which will be used in the next sections for 
proving (fTT]) and (fOj) . 

□ 

4. Conditionally bounded gaps 



The object of this section is to prove (jl.2|) . which is conditional on the Elliott- 
Halberstam conjecture. We evaluate the ratio 

a{n)'Yw{n + h)/ ^ a(n), 

x<n<2x h^H x<n<2x 

n=a (mod m) n^a (mod m) 

for the choice of a made. 

Using the lemma proved in the previous section, we get that for any S > 0, the 
inequality 

E a{n)Y^..{n + h)l > (-f^^^f^/? - ^) logii 

x<n<2x h£H x<n<2x ' ^' ' ' 

n=a (mod m) n=a (mod m) 

holds for sufficiently large R, where 

2k{2l + 1) 



13 = 



(/ + l)(fc + 2/ + l)' 



Now by definition 

6(P3) 



p 



p prime 

For any prime p \ m we have 

-fc+i 



p J \ pJ ^ V p- 1 / V pJ ^ ^ 

P J \ Py 



p 
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On the other hand, for p\m wc have VpiH) = 1, so that 



Pi J \ Pi J _ _ 1 



Pi 



Hence 



6(/93) P prime ^ P J\ Pj JI^ / 1 \ 



n 



p prime 

Thus, WC get that 



p 



n 1 



m 



J2 a{n)Y,^in + h)/ a{n)>{(3-6)\ogR. 

x<n<2x heH x<n<2x 

n=a (mod rn) n=a (mod m) 

If we assume that 9 > and if we let — > oo with I = o{k), then /3 — > 4. Thus 
for a sufficiently small 5, there exists some small e > such that {j3 — 5) log R > 
(1 + e) logx, for i?, X large enough. 

Combining the above two inequalities gives 

a{n)'Y^w{n + h)/ ^ a(n) > (1 + e) log cc, 

2;<n<2a; h^H x<n<2x 

n=a (mod m) n=a (mod m) 

SO any tuple with k elements each congruent to mod m would have infinitely many 
translates containing two primes congruent to a mod m. Therefore, 

liminf(g'„+i - q„) < oo. 

n— >oo 

5. The unconditional Result 
To obtain the unconditional result 
(5.1) liminf *^±1^ = 0, 

n^oo log g„ 



we fix ^ > 0, and we define the function g{n) = ^ a{n, H), where 

HCA 
\H\=k 

A = [l,m^loga;] fl mZ. 

We will prove that 

(5.2) Yl 9{n) Y Mn + h)/ ^ g{n) > {1 + e)logx. 

x<n<2x h=a (mod m) x<n<2x 

n=0 (mod m) h<m6 log x n=a (mod m) 

Using the estimates proven before, we get that 



^ „ m (k + 2iy. \l, , , 

x<n<2x ^ / \ y \H\=k 

n=0 (mod m) HC.A 
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For /i e -ff, 

heH \H\=k x<n<2x h£H 

HGA n~a (mod m) 

(fc + 2Z + l)! (, ; + l j,.4-.®^^'^- 

For h(^H, 



\H\=k 
HCA 



^) {k + 2l)\ \l) Y 



h^H \H\=k+l heH 

HCA 



\H\=k 
HCA 



Hence, (|5.2p is equivalent to proving that 

ffCA ffCA HCA 

Notice that ©(ps) = ©(i^ U {/lo}), and 6(p3)/6(pi) = 



We also have 



4=1 



Hence, ©(pa) = & {H). Then the desired inequality (I5.3P is equivalent to 
-^logi? E ®W + 77^ E 6W>(l + £)logX-7^ E ®(^)' 

ffCA HCA HCA 

which is equivalent to 

(5.4) /31ogi? E ®(^)+ E 6{H) >il + e)\ogx E 

ff| = fc \H\=k+l \H\=k 

HCA HCA HCA 

In order to establish (|5.4p . we will now use the following result proven in [6], 
section 14. 

Lemma 5.1. Let 

BA{k) = E ©W. 

HCA 

where all sets H C_ A C [l,iV] are counted with k\ multiplicity and \A\ = h. Let 

Ifk< e(/i)/i/log2iV, then 

S-'kik + 1) > S*Am + 0{e{h)) + 0{^)). 
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We can apply the above lemma for A = [l,mSlogx] D mZ, for which |y4| = 
Slogx + 0(1). By the lemma, we have that BA{k)/\A\'' is, apart from a factor of 
1 + o(l), non-decreasing as a function of k. We divide (|5.4p by J2\H\=k Thus, 

HCA 

(|5.4p is equivalent to proving that 

;31ogi? + (51ogX > (l-l-e)loga;. 

Taking /3 4 and R — x®/^ = x^^^, notice that the above is true for any e < 5. 
Hence we get that 

hmmt — < 0, 

n^oo log Qn 

and since S can be chosen to be arbitrarly small, we get the desired result. 



6. An alternate approach for quadratic fields 



We will now give a second proof of (|1.2p in the special case when i^T is a quadratic 
extension of Q of class number 1. The proof relies on a generalization of the 
Bombieri- Vinogradov theorem for the case of a quadratic number field, proven by 
E. Fogels in [J. 

Although the result we prove in this section is a special case of (|1.2p , the method 
we use could potentially be adapted to prove results about small prime gaps in more 
general number fields. 

We first give a brief overview of Fogels' result. In 4., Fogels gives a generalization 
of the Bombieri- Vinogradov theorem in the special case of a quadratic number field, 
in which he considers rational primes that split completely in the number field. 

Let if be a fixed quadratic field. 9^ stands for classes of ideals. For any natural 
number q, we consider the group formed by the reduced classes of residues I mod q 
formed by the residues of the idealnorms A^(a) with (o, [q]) = 1 and a belonging to 
the principal ideal class *Hi . Denote by 0i (q) the order of this group and by h the 
number of classes of the ideal class group . Then Fogels' result is the following. 

Theorem 6.1 (Fogels). Let a = a{q,y\) be a normresidue (mod q) with {a,q) = 1 
for the class ?l of ideals in the quadratic number field K and let 7r(a;; D\, q, a) denote 
the number of primes p < x such that p = a (mod q) and such that p — N(jp) with 
p € 91. Then for any constant A > there is a corresponding constant B > such 
that 

7 / max max |7r(x; ^H, g, a) — , , , -, Li(x)\ <^ -; 

with the constant in the notation depending merely on A and the discriminant of 
the field. 

To prove (|l.ip for the case of a quadratic number field, we proceed as follows. 

Proof. Let if be a fixed quadratic field of discriminant D with class number h = 1, 
and we take H = {hi, . . . , hk} to he a, set of nonnegative distinct integers such that 
H mod D — {0}. We define the characteristic function / on the integers by 



fin) 



1 if n is prime and splits completely in K 
otherwise. 
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Let a(n) be as defined in (|3.2|) . We will estimate a{n). We will also estimate 

x<n<2x 

a{n)f{n + ho), for ho an integer not belonging to H such that Hq = 

x<.n<2x 

(mod D) and for /iq belonging to H, respectively. 
Using the estimate in the original paper we get that 



3.1 



(logi?)'=+2' f2l 



x<n<2x 



{k + 2l)\ \l 



(6(i/)+o(l)). 



Now let ho ^ H he an integer such that ho = (mod D). We will denote by 
S = [di,d2]- We define 7T*{x]q,a) by Tr*{x;q,a) = 7r(2x;q, a) — Tr{x;q,a), where 
7r(x; q, a) denotes the number of primes p < x such that p = a (mod q) and such 
that p = N(p) for p an ideal in the number field (which is a principal ideal, since 
K has class number one). Then we have 



x<n<2x 



Cn<2x \d\P{nM) 
S\P(nM) 



x<n<2x 



,d2<R 



x<n<2x 
S\P{n,H) 



= Y '^di>^d2 Y TT*iX;S,m + ho) 

di,rf2<i? m—n mod S 

6\P{m,H) 

((5,m+/io) — 1 

Li(a;) 



ud2<R 



m—n mod S 
S\P(m,H) 



+ ^ ^di ^d2 

di,d2<R 

Now we will evaluate the main term 
(6.2) 



TT*{x;S,m + ho) 



m—n mod S 
\ S\P(m,H) 



U{x) 



Xd2 

di,d2<R 



m—n mod (5 
5|P(m,_f/) 



Li(a;) 



and the error term 



(6.3) 



y^ AdiAda 
di,d2<R 



y^ 7r*(x; (5, m + /lo) 



m—n mod (5 
\ (5|P(m,H) 



Li(a;) 

0^ 



The conditions on n in the main term (|6.2p above are equivalent to that n belongs 
to one of h'p{H U {/lo}) — 1 congruence classes modulo p, by a similar argument as 
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when evaluating p.8|) . We define the multiplicative function p' by 

P (p) = -^-^ — , . X ^, for p prime 

01 (P) 

and extend it multiplicatively to squarefree integers. Since for (to, 5) = 1 we have 
that 4>i(mS) = (j)i{m)(j)i{S), the main term (|6.2p is 

rfiA^ T7 ^ X X '"'([^l''^^]) , (l0gfl)^+^7 2/^^^ ,^ 

(6.4) Li(x) )^ X,^x,^———^u{.)^^^^^^ e{pl 

where the last asymptotics follows using the result proven in the original paper [5] . 
We have the following identity 

n (-^)(-r' 

p prime ^ / \ , 

lip) J V p) 

p prime 

When p\D we get that i^p{H U {/lo}) ^1 = 0, since Hq = Q (mod D), and H was 
chosen such that H mod D = {0}. 

When p I D it follows by a well-known result that (j>i{p) = p — 1. Hence, (I6.5P 
becomes 

When p\D, 

1 _ = f 1 _ -^p(gU{fto}) \ f 1 _ r 



When p \ D we have that 

^ _ i^pjH U {hp}) - 1 \ / _ ^ p-;.p(gU{feo}) p^ / _ 1^ 

Combining the above two identities gives that &{p') = &{H U {ho}). Hence the 
main term (16.41) is 



-'<.)afft;;(f)e,Hu,M.. 

Now we will prove that the error term (j6.3p is o{x). Let 

Li(x) 



£;(x;g,a) = 



7r*(x;(?, a) 



1(9) ■ 

Following a similar argument as in evaluating the error of the term p.Sp . we get 
that do]) is 

«(logi?)2('=+') E E{x;S,m + ho) 



ii ,(^2 <-R m— n mod S 
6\P{7n,H) 
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max£'(x; S,m + ho). 
The Cauchy-Schwarz inequality shows that the above is 

(6.7) « (logi?)2(^-+') I ^ (^^^ j j J2 6m^xE{X;S,m + hof 

Now, using p.lOp we get that 

where we recall that C = 0((log A^)'^'^^^). Using the asymptotics 



for q X, and 



X 

TT{x;q,a) < -, 



Li (x) X 



01(9) 9 

(which both follow by similar arguments as the ones used in evaluating the error of 
the term (|3.5p ). we get that 

(6.8) Eix-J)-^^, 

where E(x,q) = maxmaxi?(z; g, a). 

a z<x 

Now we define 61 to be the supremum of all for which E {x , q) x / (log x)"^ , 

q<x^' 

for fixed A. Notice that by Theorem 6, it follows that 6 > 1/2. Hence, using the 
above asymptotics (|6.8p . we get that (|6.7p is equivalent to that the error term is 

1/2 



(6.9) < C xC- -J < -jr, 

V {\ogx)^J (logx)^ 

for <^ x^~'^. Thus, the error term is o[x). 

X 

Since Li (a;) ^ , for ho 4 H such that ho = (mod D), for any e > 0, we 

logx 

get the estimate 

1 

(fc + 20! v^y---^.— "vij^ 

provided R < a;®/^~^ 

We use the same method to evaluate a{n)f{n + ho), for ho e H (by 

x<n<2x 

replacing the pair (fc, /) by {k — 1,1 + 1)) and we get that for any e > 0, we have 
the following asymptotics 



(6.10) ^(^)/(^ + ho) = Li(x) ^^°^f '7 P/) (6(g U {ho}) + o(^)), 



(6.11) E a(n)/(n + ho) = Li (.) ^^^^'^^^^^y^ {'l^^) im) + o(^)), 
provided R < x'^/'^^^. 
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To get the desired result, we evaluate the ratio 

x<.n<2x h^H x<n<2x 

Using the asymptotics (|6.1ip and (|6.ip . it follows that for any (5 > 0, the inequality 
^ a{n)J2f{n + h)/ ^ a{n) > log R - S, 

x<n<2x h^H x<.n<2x 

holds for sufficiently large where 

g_ 2k{2l+l) 

' (/ + l)(fc + 2/ + l)' 

X 

Since Li (x) ^ , we have 

log X 

x<n<2x heH x<n<2x ^ 

Notice that if we let fc, Z — ;> oo with / — o{k), then /3 A. If we assume an Elliott- 
Halberstam type conjecture for Fogels' generalization, then we can take > ^, and 
hence we get that 

J2 a{n)Yf{n + h)/ ^ a(n) > 1 - 

x<.n<2x h^H x<.n<2x 

Letting S —> proves that 

J2 a{n)Y,f{n + h)/ ^ > 1, 

x'Cn<2x h^H x<n<2x 

for R, X large enough. Letting x ^ oo shows that for any x, there is some n G [a;, 2x) 
such that n + hi and n + hj split completely in the number field K, for some 
i,j G Hence, for any x, there are two primes that split completely 

between x and 2x, whose difference is bounded by hk — hi. This proves the existence 
of infinitely many primes that split completely, whose differences are bounded. 

The proof of the unconditional result (|5.ip follows the same outline as the proof 
in section 2.4. □ 
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